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CURVE-OF-GROWTH FUNCTION FOR A
RANDOM ARRAY OF VOIGT LINES

The curve-of-growth function for a random array of Voigt line s
whose strengths are distributed exponentially is~~

V(a,x) = S l + x K ( a ,y) dy

where

2 -

—u ..-. ‘I

a~~ eK(a ,y)  = ~ \ 
~~ 2 du
a + ( y - u) . [2

I •

a “
~~~~~L’~D

4/ /
L 

~L’ and 
~D are , respectively, the mean line strength, Lorentz (collision)

halfwidth, and Doppler halfwidth of the lines comprising the array, and u is
the optical dep th of the medium.

G ille and EllLngson W evaluated V(a , x) by numerical quadrature and
presented their results in the form

V(a , x) = c.~(x, a) F(a ,x) (2)
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F(a , x) is the curve-of-growth function that would result if the lines were
purely Lorentzian

F(a ,x) = X (3)

\Ji + 2(x/2a JW )

C(x, a) is tabulated in Table 1 of Ref. 1. The connection between the pres-
ent notation and that of Ref. 1 is x ~ R and a d/2.  The accuracy of the
two follow ing approximations is determined by comparison to this solution.

Rodgers and Williams~
2
~ devised an approximation for the curve of

growth of an isolated Voigt line by combining the curves of growth for pure
Lorentz and Doppler lines. An heuristic extension of their method to an
array of Voigt lines yields

V(a ,x) = ~~ F2 (a, x) + E2(x) - [Fta .x E(x)]2 (4)

where F(a ,x) is given by Eq. (3), and E(x) is the curve-of-growth function
for an array of Doppler lines~

3
~

2
Z r  xe _u

E(x) = 2 du (5)
T~’~ [1 + x exp(-u )]

The isolated line version of Eq. (4) dIsplays a maximum error of 8%. It
occurs near the point a = 0.4, x 1 and along the curve ax~~ 15 for a ’~ 0. 0008
(see FIg. 3 of Ref. 2). For an array of lines , the error topography Is qual-
[tatively similar, but the erro r Is more near 9% around the point and only
“p 4% along the curve.
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The NASA radiation code~
4
~ employs a model that also combines the

curves of growth for purely Lorentz and Doppler arrays in order to approx-

imate the curve of growth for a Voigt array. In a form consistent with
Eqs. (2) and (4), it is

V(a , x) = xI l-  l /JY(a , x) (6)

Y(a , x) = {i - (F(a .x1)
2
]~~ + [1 - (E(x)

)
Z
j

Z 
- 1

Two fo rm s of this approximat ion are considered. In the first form, E(x)
is taken as

E(x) = 0.62714\/ln[1 + (o.6
~
7i4)

~f 
(7)

which is consistent with the actual function prescribed in the NASA code.
In this case, errors up to 18% occur over the (x, a) plane and fall below 10%
only for a >  0. 3. The explanation for large errors below a 0. 3 is that
Eq. (7) is derived from an approximation to the isolated lin e curve-of-growth
function D(x) rathe r than to E(x) itself. If the proper expression [Eq. (5)] is
used for E (x) in Eq. (6), the maximum error falls to less than 4% and occurs
only for a ~ 0. 0005 and x?  3 x l0~ .
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THE IVA N A. GETTING LABORATORIES

The Laboratory Operation s of The Aerospace Corporation is conducting
experimental and theoretical investigation s necesea r y for the evaluation and
application of scientifi c advances to new military concepts and systems. Ver-

satility and flexibility have been developed to a high degree by the labor atory
por.onnel in dealing with the many problem. encountered in the nation ’s rapidly
developing apace and missile systems. Expertise in the latest scientific devel-

opr n ent s is vital to the accomplishment of tasks related to the .e problems. The
laboratorie, that contribute to this re .earch are :

Aer ophysic. Laboratory: Launch and reentry aerod ynamic. , heat tra ns.
for , reent ry phys ics , chemical kinetics , structural mechanics , fli ght dynamic s.
atmosp heric pollution , and high-power gas lasers.

Chem istry and Physics Laboratory : Atmospheric reaction , and atmos-
pheri c optics, chemical reaction . in polluted atmosp heres , chemical reacti ons
of excited specie. in rocket plumes , chemical thermod ynamics . pla.ma and
laser-induced react ion. , laser chemistry, propulsion chemistry, space vacuum
and radiation effect. on material. , lubrication and surface phenomena , photo-
sensitive material , and sensor. , high precision laser ranging, and the appli-
cat i on of physics and chemistry to problems of law enforcement and biomedicine.

Electronics Research Laboratory: Electromagnetic theory, devices , and
propagation phenomena , including plasma electromagn etics; quantum electronic. ,
lasers , and electro-optic.; communi cation sciences , applied electronics , semi-
conducting, superconducting, and crystal device physic. , optical and acou stical
Imaging; atmospher ic pollution; millimeter wave and far-Infrared technology.

Materials Sciences Laboratory : Development of new material.; metal
matrix composite. and new forms of carbon; test and evaluation of graphite
and ceramic. In reentry; .pacec raft material , and electron i c components in
nuclear weapon. environment ; application of fracture mechanics to stress cor-
rosion and fatigue -induced fractures in structural metal..

Space Sciences Laboratory: Atmospheric and ionosp heric phy.t ca . radia-
tion from the atmo .ph ere , density and composition of the atmosphere. auror se
and airg low; magnetospheric physics , cosmic rays , generation and propagation
of plasma waves In the magnetosphere; solar physics , studie . of solar magnetic
fields; space astronomy, x-ray a.tronom y ; the effect. of nuclear explo.ion s,
magnetic storm s, and solar activity on the earth’ s at mosphe,e , ionospher c, and
magnetosp here; the effect. of optical , electromagnetic , and pirticulate radia-
tions in space on space systems.
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